Space of Kahler metrics (IV) — -On the lower 
bound of the K-energy 

Xiuxiong Chen* 
Department of Mathematics 
University of Wisconsin, Madison 

Sept. 12st, 2008 



Contents 

1 Introduction [l| 



2 Brief outline of geometry in the Space of Kahler potentials. 

2.1 Quick introduction of Kahler geometry 

2.2 Weil-Petersson type metric by Mabuchi 

2.3 Geodesic rays and geodesic stability 

2.4 Subhamonicity of the K energy over WZW solutions 



4 Proof of Theorem 1.5 

4.1 Notations and set up 

4.2 Proof of Theorem 1.5 



5 Proof of Theorem 1.1 

5.1 Setup and main results 

5.2 Proof of Theorem 5.2 . 

5.3 Proof of Theorem 5.1 



3 Proof of Theorem 1.4 and 1.7 12 



6 Future Problems 32 



1 Introduction 

This is a continuation of [10] . In this paper, we want to partially confirm an old 
conjecture by Donaldson [19]. 
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Theorem 1.1. If there exists a degenerating geodesic ray in the space of Kdhler 
potentials tamed by a bounded ambient geometry, then either there is no constant 
scalar curvature (cscK) metric in this Kdhler class, or there is a holomorphic 
line consisting of cscK metrics only which is parallel to this degenerating geodesic 
ray. 

A complete resolution of Donaldson's conjecture is still out of reach at the 
present stage. For detailed references in this subject, readers are encouraged to 
read [9] [8] [10] . A geodesic ray in the space of Kahler potential is called degen- 
erated ray if the K energy functional is non-increase along this ray. Definitions 
of the K-energy functional and degenerating geodesic rays will be given in Sec- 
tion 2. Wc will also discuss more about various aspects of this theorem. 

Going back to Calabi's original view when he introduced the extremal Kahler 
metric problem in [6] , one memorable feature is that the daring idealistic pursuit 
of Kahler geometry mix with hard challenge in geometric analysis. While he 
painted a beautiful picture for us by promising that every Kahler class should 
admit a best metric — extremal Kahler metric in his sense, the daunting challenge 
of solving it is close to being "scaring" since the Euler-Lagrange equation is a 
fully nonlinear 6th order PDE. In [7|, E. Calabi showed us that the extremal 
Kahler metric always minimizes the Calabi energy locally. When he did this 
work, we believe that he is only 60 years old and in the calculation of the second 
variation of the Calabi energy, he only use 16 derivatives to arrive at a positive 
sign with easy. Since the day I became his student more than 20 years ago, I 
have been wondering all the time if there is the word "fear" in his mind. 20 
years after his work, we now know ( [23j in algebraic manifold and |10J in general 
Kahler manifold) that the extremal Kahler metric is also a global minimum of 
the Calabi energy in the underlying Kahler class. Following [9], [21] [16], we 
know that the cscK metric is a global minimizer of the K-energy functional as 
well. A natural question is: 

Conjecture/Question 1.2. In any Kdhler manifold {M,[u!]), is inf Ca{uj^) > 
equivalent to inf E^(a;^) = —oo? 

One side of this question is already raised in [10 : if inf Ca^cu^) = 

0, then the K-energy bounds uniformly below in [uj]? According to [lOj . if 
inf Ca{uj^) = 0, then the ¥ invariant of all smooth degenerating geodesic 

rays vanishes. It follows that (Af, [oj]) is geodesic semi-stable with respect to 
all smooth geodesic rays. Alternatively, in algebraic setting, by Donaldson |22], 
the underlying polarization must be Semi-K stable in the sense that generalized 
Donaldson-Futaki invariant must be non-positive. In particular, the Calabi- 
Futaki invariant must vanish in (M, [w]). One intriguing question is if Semi- 
K-Stability or the vanishing of the Calabi-Futaki invariant alone is sufficient 
to imply the existence of a uniform lower bound on the K-energy functional in 
{M, [uj])? At least the answer to the second part of this question is negative. 
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thanks to a beautiful example constructed by S. K. Donaldson [5?. Essentially 
by blowing-up CP^ at various symmetric positions, Donaldson constructed a 
toric surface where the Calabi-Futaki invariant vanishes, but the K-energy func- 
tional approaches to — oo along at least one degeneration. In the same example, 
he already showed us that, along this degeneration, the Donaldson- Futaki in- 
variant is strictly negative. Consequently, it follows by another theorem of 
Donaldson [23] in algebraic case (or [10] in general), that the infimum of the 
Calabi energy in this Kahler manifold must be strictly positive. Thus, the ques- 
tion raised in [lU] (or at the beginning of this paragraph) survives this subtle 
example of Donaldson. Nonetheless, this is a highly interesting example and 
the author believes that more can be learnt from this example. For instance, we 
may also check that the ¥ invariant of the corresponding geodesic ray (parallel 
to this degeneration) must be strictly negative (c.f. [JO]), etc. 

This conjecture/question, as it states, is rather general, abstract and elusive 
in many aspects. Perhaps we can bring it down to earth by breaking it into 
several steps. 

Conjecture/Question 1.3. Is any of the following statements implies that the 
underlying Kahler class is Semi-K-stahle (when applicable) and the K-energy 
functional in this class is uniformly bounded from below? 

1. there exists a cscK metric; 

2. there exists a degenerating ray such that the K-energy is bounded from 
below and the infimum of the Calabi energy along this ray is 0; 

3. there exists a critical sequence of Kahler metrics; 

4-. the infimum of the Calabi energy over the space of Kahler potentials is 0. 

One can of course ask similar questions by replacing geodesic ray with test 
configuration. Here we called a sequence of Kahler metrics {(pi}{i S N) critical 
when a) sup |E(^|((/j,i) < oo; b) inf Ca(w^J = 0. Here the first statement is 

well-known by now (c.f. [S])[I1] and [H] ). The 4th statement is exactly one 
side of Conjecture 1.2. For any convex function in finite dimensional manifold 
with non-positive curvature, the second statement is correct, while it is not clear 
about the 3rd statement. There is a counter example to the 4th statement in 
finite dimensional manifold with non-positive curvature. However, it is not clear 
if one can "realize" such an example in the space of Kahler metrics. Obviously, 
it is intriguing either to find such a counter example or prove the part 4 of 
Conjecture 1.3(readers are encouraged to read Section 3 for more discussions on 
this direction). Note that Conjecture/Question 1.3.2 is a natural extension of 
well known results (c.f. [9], [21] and [16]). We can prove this conjecture in some 
special case 

Theorem 1.4. In toric variety, Conjecture 1.3.2 holds among smooth toric 
invariant Kahler metrics. 
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In fact, this theorem holds whenever the geodesic conjecture of Donald- 
son [19] holds. In general, we can answer Conjecture 1.3.2 positively once we 
strengthen the condition slightly. 

Theorem 1.5. // there exists a destabilized geodesic ray tamed by a bounded 
ambient geometry such that the K-energy functional is bounded from below along 
that particular ray; and if the infimum of the Calabi energy is in this ray, then 
the K energy functional has a uniform lower bound in the underlying Kdhler 
class. Moreover, this Kdhler class is Semi-K-stable (whenever applicable). 

Remark 1.6. This is a surprising theorem since we only bound the K-energy 
along one direction, while the space of Kdhler potential is infinite dimensional. 
The second condition on the ray is really crucial. 

As an application, we prove the following theorem. In some way, this will 
give us plenty of examples where the K-energy is bounded from below in a 
Kahler class which doesn't admit a cscK metric. 

Theorem 1.7. For any destabilized simple test configuration such that the cen- 
tral fibre admits a cscK metric, then the K-energy functional in the Kdhler 
class defined by nearby fibre is bounded from below uniformly. In particular, 
this Kdhler class of nearby fibre is Semi-K-stable(whenever applicable). 

Note that a Kahler class is Semi-K-stable if, for all test configurations, the 
generalized Calabi-Futaki invariant at the central fibre has a preferred sign. 
However, our theorem asserts that, as long as we have one simple test configu- 
ration where the central fibre is "good " in some sense (admitting cscK metric), 
it is enough to conclude that the underlying polarization is Semi-K-stable! This 
theorem might be extended to more general setting. We delay more discussions 
on possible generalizations to the last section. 

We may view this theorem from a different angle now. The existence of a 
uniform lower bound on K-energy had been always associated with the existence 
of cscK metric in the same Kahler class. There is no explicit example where 
a lower bound on the K energy exists but no cscK metric in this Kahler class. 
It is then worthwhile to review MuKai-Umcrmura 3 folds here. Roughly speak- 
ing, it is a compactification of PSL{2; C)/r, where F is the icosahedra group(a 
subgroup of SO{3) of order 60). This gives a large family of 3-folds where rich 
geometry lives! According to G. Tian [50], one of these three folds, called it DJli 
for easy of notations, admits no KE metric in its canonical Kahler class. This 
is a famous example where the classical Calabi conjecture on the existence of 
KE metric fails while the Futaki invariant vanishes. Recently, Donaldson [24] 
showed that, there is another 3-fold (denote as dJlo ) in this family of 3-folds 
which lies in the closure of the orbit of OJli. Donaldson explicitly calculate 

^no such example known to this author, but perhaps some experts knows. 
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Tian's a-invariant in DJIq and he found it to be | > By a theorem of G. 

Tian, he then concludes that there is a KE metric in this 3-fold TIq. 

Examining this family of complex 3-folds more closely, we can understand a 
lot more about deformation theory of the underlying complex structures. First 
of all, we notice that DJIq destabilizes DJli in the sense of Definition 1.7 of [TD]. 
One can even construct a simple test configuration on MuKai-Umermura 3-fold, 
where the Kahler structure at nearby fibre is biholomorphic to 97ti while the 
central fibre is biholomorphic to DJIq. By the preceding theorem, we know that 
the K energy functional in DJli must have a uniform lower bound in its canoni- 
cal Kahler class although it admits no KE metric in its canonical class. In fact, 
more can be said about geometry of MuKai-Umermura 3-folds. For instance, 
the author and his student [12] can prove that, both Kahler Ricci flow and the 
Calabi flow initiated from some metric in canonical class in DJli will converge 
smoothly to the cscK metric at 97lo . This certainly fits in well with the picture 
described by Theorem 1.7. 

A result similar to Theorem 1.7 will hold if a Kahler manifold {M, [uj],J) 
is destabilized by another Kahler manifold (M, [oj]',J') where the destabilizer 
admits a cscK metric. Definition of destabilizer is introduced in [10] . For The- 
orem 1.7 to be hold in this case, we need to modify the definition 1.7 [10] of 
destabilization slightly (according to Theorem 1.5 above). In a sequeal paper of 
this one, the author and his student will discuss alternative proof of results in 
algebraic setting [l3] . 

Organization In Section 2, we give a brief account of Kahler geometry includ- 
ing a proof of subharmonicity of the K energy over smooth solution on geodesic 
equation of disc version. In Section 3, we give a proof of Theorem 1.4 and 1.7. 
In some sense. Theorem 1.7 is a corollary or application of Theorem 1.5. How- 
ever, the proof of Theorem 1.7 at this section is independent of Theorem 1.5. 
In Section 4, we give a proof to Theorem 1.5. In Section 5, we prove Theorem 1.1. 
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and University of Science and Technology of China this summer. The author is 
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Donaldson's example to his attentions. He also wants to thanks colleague(s), 
graduate student (s) at Tokyo- Tech for the kindness they have shown during his 
stay at Tokyo- Tech. The author wishes to thank his student S. Sun for help 
with examples. 

The author lists a number of problems in this paper. He wishes to acknowl- 
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2 Brief outline of geometry in the Space of Kahler 
potentials. 

2.1 Quick introduction of Kahler geometry 

Let w be a fixed Kahler metric on M . In a local holomorphic coordinate, u can 
be expressed as 

LO = -^-^ 9ap dw°' A dw^ > 0. 
The scalar curvature can be defined as 

^ ^ logdet (g,j) 

The so-called Calabi energy is 

Ca{uj)= [ {R{uj)- Rfuo'', where R = ^^^^^M^l-)^!—! . (2.1) 

Jm [w]'"' 

According to Calabi [3] [7], a Kahler metric is called extremal if the complex 
gradient vector field 

is a holomorphic vector field. 

If X is a holomorphic vector field, then for any Kahler potential we can 
define Ox up to some additive constants by 

Lxuj^^V^ddexif). (2.3) 
Then, the well known Calabi-Futaki invariant [25] [7] is 

^x(H)=/ ex{v)-{R~R{v))^l- (2-4) 

JM 

Note that this is a Lie algebra character which depends on the Kahler class only. 

2.2 Weil-Petersson type metric by Mabuchi 

Denote the space of smooth Kahler potentials as 

n^{ip\uj^=LO + Bdifi > 0, on M}/ 

where ipi ip2 if and only if ipi = ip2 + c for some constant c. A tangent vector 
in TipTi. is just a function ip such that 

M 
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Its norm in the L^-metric on H is given by (cf. [50] ) 

Jm 

This metric was subsequently re-defined in [35] and [12]. In all three papers, 
[30] [36] and [19] , the authors defined this Weil-Petersson type metric from vari- 
ous points of view and proved formally that this infinite dimensional space has 
non-positive curvature. Using this definition, we can define a distance function 
in Ti.: For any two Kahler potentials (po,fi € Ti., let d{ipQ,ipi) be the infimum 
of the length of all possible curves in H that connect (po with (pi . 



A straightforward computation shows that a geodesic path (p : [0,1] ^ H of 
this metric must satisfy the following equation 

where 

According to S. Semmes [36], a smooth path {(j){t),t E [0,1]} C H satisfies 
the geodesic equation if and only if the function on [0, 1] x 5^ x M satisfies 
the homogeneous complex Monge- Ampere equation 

(tt^cj + 990)"+! = 0, on S X M, (2.5) 

where S = [0, 1] x and 7r2 : S x Af i-^ M is the projection. In fact, one 
can consider ()2.5p over any Ricmann surface S with boundary condition ip = ipQ 
along 91], where (/)o is a smooth function on 91] x Af such that (j>a{z, ■) G H for 
each z e 91] The equation (|2.5|) can be regarded as the infinite dimensional 
version of the WZW equation for maps from S into Ti. (cf. [T5])FI 



Next we introduce a well known functional in Ti. here. The K-energy func- 
tional (introduced by T. Mabuchi) is defined as a closed form o?E. Namely, for 
any G TipH, we have 

(dE,V)^= / ■ {R- R{p)) u;;. (2.6) 
Note that for any holomorphic vector field, we have 

^We often regard tpo a-s a smooth map from dT, into T-i. 

''The original WZW equation is for maps from a Riernann surface into a Lie group. 
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2.3 Geodesic rays and geodesic stability 

In this subsection, we collect some definitions, theorems from |10| which are 
useful in this paper. 

Definition 2.1. /iOj / A smooth geodesic ray p{t){t G [0, oo)) is called special if 
it is one of the following types: 

1. efffective if the Calahi energy of tOp in M is dominated by e ■ for any 
e > as t —I- oo. 

2. normal if the curvature of ujp in M is uniformly bounded for t G [0, oo). 

3. bounded geometry if {M,ujp(^f^){t G [0, oo)) has uniform bounds on cur- 
vature and uniform positive lower bounds on the injective radius. 

Definition 2.2. Bounded ambient geometry A Kdhler metric h — ttjCJo + 
iddp in ([0,oo) x S^) x M is said to have bounded ambient geometry if 

1. it has a uniform bound on its curvature; 

2. ([0,T] X S"^ X M,h) has a uniform lower bound on injectivity radius and 
the bound is independent of T oo; 

3. The vector length \ -§^\h has a uniform upper bound. 

Let h be a bounded ambient Kdhler metric in [0, oo) x S*^ x M. Suppose that 
its corresponding Kdhler form uj is given 6i0 

" q2 - / " n2 - \ f)2 - 

7r*wo+ V -^dw'du? + 2Re\y —^dw'dz\+—^dzdz. (2.7) 

^ dw'dwJ dw'dz / dzdz ^ ' 

Here z ~ t + ^/—19. In other words 

u) = TTgo^o + V—i^ddp. (2.8) 

In the remainder of this section, we will use h to denote any Kdhler metric in 
[0, oo) X S*^ X M with bounded ambient geometry. 

Definition 2.3. Tamed by a bounded ambient geometry A smooth geodesic 
ray p : [0, oo) ^ Ti. is said to be tamed by a bounded ambient geometry h, if there 
is a uniform bound for the relative potential p ~ p. 

For most purposes, "weakly tamed by a bounded ambient geometry weakly" 
is sufficient. In fact, any normal geodesic ray is expected to be tamed by some 
bounded ambient geometry, at least when it has bounded geometry. Any effec- 
tive geodesic ray is expected to be tamed by some bounded ambient geometry. 
Since the space of Kahler potential is non-positively curved in the sense of 
Alexandrov [8] , it is natural to introduce the notion of parallelism between two 
geodesic rays. 

*Here n2 : ([0, oo) X S^) X M ^ M be the natural projection map. 
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Definition 2.4. JW^ Any two smooth geodesic rays pi,p2 '■ [0,oo) — > 7i, are 
called parallel if there exists a constant C such that 

sup \pi{t) - P2{t)\ < C. 

tG[0,oo) 

For any smooth geodesic ray, there is some geodesic ray (perhaps in the weak 
form) which parallels to it as in Definition 2.5, but not necessary relatively C^'^ 
(with respect to the original rays). In [TU], we made some attempt in this 
direction and we quote our modest result here. 

Theorem 2.5. JIO}/ If there exists a smooth geodesic ray p : [0, oo) Ti. which 
is tamed by a bounded ambient geometry, then for any Kdhler potential (po e Ti., 
there exists a relative C^'^ geodesic ray ip{t) initiated from ipo and parallel to p. 

Since the K energy is well defined for C^'^ Kahler potential, so we defined 
an invariant as 

Definition 2.6. For every relative C^'^ geodesic ray cp : [0,oo) — > Ti., we can 
define an invariant as 

Y{(p) = liminf(E((^(t) - 'E{ip{t - 1))). (2.9) 

t — >oo 

Clearly, in the case of smooth geodesic ray, this limit agrees with the invari- 
ant introduced in [lOj : 

Definition 2.7. [JUlFor every smooth geodesic ray p : [0, oo) — > Ti., we can 

define an invariant as 

¥(p)= lim / M^iR-R(p))^"^. (2.10) 

Now we introduce notions of geodesic stability which already appear in jlOj . 

Definition 2.8. llOl A smooth geodesic ray p : [0, oo) — > is called stable 
(resp; semi-stable) ifY{p) > (resp: > 0)- It is called a destabilizer for H if 
¥(p) < 0. 

Following the approach used in the algebraic case, we define (cf. [I9]): 

Definition 2.9. IWl A Kdhler manifold is called geodesically stable if there is 
no destabilizing smooth geodesic ray. It is called weakly geodesically stable if the 
invariant ¥ is always non-negative for every smooth geodesic ray. 

2.4 Subhamonicity of the K energy over WZW solutions 

Suppose that is a C^'^ solution of (12. 5|) . we denote by TZrj, the set of all 
(z, a;) G S X M near which </) is smooth and uj^[z',-) = w + y/^^dd(j){z' , ■) is a 
Kahler metric. We may regard T?.^ as the regular set of (j). It is open, but a 
priori, it may be empty. We have a distribution I?^ C T(S x M) over TZ^: 

= {« e X T,M I i, (7r> + ^/^^^<t>) = 0}, V (z, x) e 7^^2.11) 
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Here denotes the interior product. Since the form is closed, is integrable 
when (j) is smooth. We say that TZ^ is saturated in V C E x M if every maximal 
integral sub-manifold of in T?.^ fl V is a closed disk in V. On any product 
manifold, we may write any vector in as 



Definition 2.10. A solution (j) of 112. 5\) is called partially smooth if it is C^^^- 
bounded onJlx M and TZ^ is open and saturated m E x M , but dense in i9S x M , 
such that the varying volume form w^^^ ^ extends to a continuous (n, n) form 
on S" X M, where S° = 

Clearly, if (/) is a partially smooth solution, then its regular set TZ^ consists 
of all points where the vertical volume form wJJ^^ j is positive in S x M. 

Definition 2.11. We say that a solution (p of i l^.5|) is almost smooth if 

1. it is partially smooth, 

2. The distribution extends to a continuous distribution in a saturated set 
V C S X M , such that the complement iS^ of V is codimension at least 2 
and (j) is continuous on V. The set is referred to as the singular set 



3. The leaf vector field X is uniformly bounded in T>^. 

A smooth solution is certainly an almost smooth solution of (|2.5p . If the 
boundary values of a sequence of almost smooth solutions converge in some 
C'''^ topology, then the sequence converges to a partially smooth solution in 
the '''-topology (fc > 2, < /? < 1). 

Theorem 2.12. !16j Suppose that Yi is a unit disc. For any (7'^'" map 0o : 
— >7i (k > 2; Q < a < 1) and for any e > 0, there exists a (p^ : dT, Ti. in 
the e-neighborhood of (po in C*'''"(S x M)-norm, such that 12. 5)) has an almost 
smooth solution with boundary value (p^. 

An almost smooth solution of eq. 12. 51 has uniform C^'^ bounds and is smooth 
almost everywhere. The K-energy functional is well defined for this family of 
Kahler potentials. 

Theorem 2.13. Suppose that : S ^ TL^^ is an almost smooth solution 
described as in Definition \2.11\ Then the induced K-energy function E ; E — > R 
(by E(2:) — 'Ei{(j){z , ■)) ) is weakly sub-harmonic and continuous (up to the 
boundary) . More precisely, 



where X £ T^'°M. 



(2.12) 



of<j>. 



dzdz 




7roeu(2,W^g) 
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holds in in the weak sense. On dT,, we have 



JdT. on JT!oev(z.fA4,o) " 

where ds is the length element ofdT,, and n is the outward pointing unit normal 
direction at dT,. 

To help readers to understand this theorem better, we will present a proof 
of this theorem in the case that the disc version geodesic solution ip is smooth. 
Hence this is just a formal proof and the readers are encourage to read [IB] for 
a vigorous proof of this fact. Note that for any smooth path 4'{t), we have 

Note that for a disc version geodesic, we have 



g2 

z = t+ V^s, and As = 



dt^ ds^' 



Thus, 



A.E = (|. + ^)E 



IM Ol Jm OS 

Using the equation for disc version geodesies, we have 



The last term gives the Poisson bracket with respect to the symplcctic form lo^. 
Thus, we have 

The first term in the last line may give us some trouble. However, one notices 
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that 




Now, plugging this into A^E, we have 




Thus, we prove subharmonicity for any smooth disc version geodesic. 



3 Proof of Theorem 1.4 and 1.7 



Let us state a lemma in elementary calculus first. 

Lemma 3.1. Suppose f is a convex function mM^ such that f is non-increasing 
and uniformly bounded from below alone one half line. If in additionally we as- 
sume liminf |V/| alone this half line is 0, then f is hounded from below globally. 

We remark that this lemma hold in any manifold with non-positive curva- 
ture. Following the space of Kahler potentials is non-positive in the sense 
of Alexanderov. In the case of toric variety, there is a unique smooth geodesic 
segment between any two invariant Kahler potentials. The K energy is convex 
on smooth geodesic segment while the Calabi energy is precisely the norm of the 
"gradient" of the K energy functional in this infinite dimensional space. Thus, 
the proof of Theorem 1.4 is exactly the same as the proof of this lemma. Now 
we will give a proof to this lemma only. 

Proof. Suppose Pi — {xi, yi) is a sequence of points in this half line in which 
diverges to oo such that 



for some uniform constant C > 0. Let O = (0, 0) be the original point of this 
half line. Let Q = (x, y) be any other point in M^. We want to argue that f{Q) 
is bounded from below by a constant independent of q. 



\Vf{x,,y,)\^0, 



and f{x^,yi) > -C 
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Consider the sequence of triangle OPiQ{i G N). Set 

\0Q\ = d, \OPi\ =li^oo, and \PiQ\ = k 

Then, 

U- d <li <li + d, Vi e N. 
Further more, when i large enough, we have 

< sin ZOPiQ < 

Let Ui, Vi be the two unit tangent vectors at Tp.M^ pointing to Q, O respectively. 
Then, 

, 100^2 

[u^ - Vi,u., -v^) = —75— 
h 

Since Pi is in the same half Hne where the functional / is decreasing, then 

{^f,Vi)\p,>0. 

Restricting the convex function / in the line segment QPi, we have 

= {^f,V^)\p^+(,Vf,Ui-V^)\p^ 

> -|V/|p,-K-^;i|p,=-|V/|p,-i^. 

Thus, we have 

/(g) > f{P^)-\'^f\prW■i^ 

> -C-\Vf\p,-20d. 

Now let Zj — > 00, we have 

fiQ) > -C. 

The lemma is then proved. 

□ 

From the proof, the second condition is absolutely necessary. In fact, we 
have the following counter example: 

With respect to conjecture 1.3.4, it is false in finite dimensional as the following 
example suggested. 



I — X, if a: < 0, 

■ ln(a; + 1) if a; > 0. 



This is a convex function where 



inf |V/|(a;) = and inf f{x) = —00. 
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On the other hand, the answer to conjecture 1.3.4 might still be correct because 
of the geometric structure attached to this problem. 

Let us first recall a theorem from [TU] . 

Theorem 3.2. UOjj Let tpQ, ipi be two arbitrary smooth Kdhler potentials in the 
same Kdhler class. Then, the following inequality holds 

E(^i) - d{ipo,Vi) ■ VCaiifii) < E((^o). (3.1) 

Here d{ipQ,ipi) is the geodesic distance in the space of Kdhler potentials. 

To prove Theorem 1.7, we only need a weak version of Theorem 1.5 whose 
proof is much simpler. 

Theorem 1.5a. // there exists a destabilized geodesic ray such that the K- 
energy functional is bounded from below along this given ray and if the Calabi 
energy converges to in the speed of o(-p-) along the ray, then the K- energy 
functional has a uniform lower bound in the underlying Kdhler class. (Here t 
represents the distance along geodesic ray from the initial potential in the ray.) 
Moreover, this Kdhler class is Semi-K-stable (when applicable). 

We give a proof to this weak version of Theorem 1.5a. 

Proof. Suppose p : [0,oo) — ^ H is a destabilized geodesic ray such that the K 
energy is uniformly bounded from below: 

E(p) > -C, Mt e [0, c5o) 

where C is some constant which change from line to line. Our assumption means 
that 

lim t ■ Ca{p{t)) < C. (3.2) 

t — >oo 

Let ipo be any Kahler potential in Ti.. For any t > I, apply Theorem 3.2 to 
this case. By inequality (3.1), we have 

E{^o) > Ejpjt)) ~ d{^{0),p{t)) ■ y/C^[{ ^ 

> E{p{t)) - (d(^(0),p(0)) +t) • ^Ca{p{t)) > -C. 

It follows that the K-energy has a uniform lower bound in [uj\. □ 

Before we give a proof of Theorem 1.7, we introduce an important proposi- 
tion. 

Proposition 3.3. 1121 Given a simple test configuration L (971, J, Jl) — > D. 

Suppose there exists a smooth invariant solution of the homogeneous complex 
Monge-Amper equation [Q. + \/— ldd^)^~^^ — 0, and denote the induced geodesic 
ray by (j)t(t £ [0, oo)). // the central fiber has cscK metric, then 
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1. the first derivatives of the K energy decay exponentially. Consequently, 
the K-energy has a lower hound along the geodesic ray. 

2. there exists a geodesic ray from nearby fibre (tamed by this simple test 
configuration) where the Calabi energy decays exponentially as well. 

We will delay the proof to the end of this section. We give a proof of Theorem 
1.7 here. 

Proof. Suppose tt : x ^ -D with smooth central fiber. According to Arezzo- 
Tian [T] , we can prove the existence of geodesic ray parallel to this simple test 
configuration, initiating from a nearby fibre (close enough) to the central fibre. 
In [37], S. Sun gives an alternative proof to this beautiful existence problem. 
According to Chen- Tang [M], the ¥ invariant of the induced geodesic ray is 
precisely the evaluation of the Calabi-Futaki invariant in the central fibre. If 
the Calabi Futaki invariant in the central fibre vanishes, then the ¥ invariant 
of induced geodesic ray must be 0. In particular, this geodesic ray must be a 
destabilizing geodesic ray. 

From the method of obtaining this geodesic ray, one can specify which limit 
metric of a geodesic ray constructed from [37] will converges to (of course, up 
to a holomorphic transformation in the central fibre) . This is very crucial here: 
We need the geodesic ray converges to the cscK metric in the central fibre in 
the limit. Then, we can have a ray whose K energy values bounded uniformly 
from below while the Calabi energy converges to 0. In other words, Prop. 3.3 
may hold for this geodesic ray. Then, following Theorem 1.5a, we know that 
the K energy in the entire Kahler class must be bounded from below. □ 

Now we are ready to prove Proposition 3.3. 

Proof. Let 9JI be the total space of this simple test configuration 9Jt — > A. Here 
A is a unit disc in C. According to Arezzo-Tian [1] (c.f. [37] also), we can solve 
a homogenous complex equation starting from nearby fibre: 



Here il is the Kahler form in the total space 971 which is compatible to the 
associated C* action of the test configuration. We might scale in S direction if 
necessary so that we solve this HCMA equation in QJt ^ A with C°° regulari- 
ties. For s S [0, 1], denote ujs = + -\/^99$)|a/,. ■ The geodesic ray 0i starts 
from Lo — uji, and it translates to the following equation in the space of complex 
structures compatible with a fixed symplectic form: 




where H = (po is a. fixed function, Jt = ftJ\Mn and ft{x) = —^'Vt4>t- In this 
language, it is easy to see that the K-energy is convex along the ray: 
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By definition, the limit of the first derivatives of the K energy is precisely the ¥ 
invariant of this geodesic ray. According to [M] , this ¥ invariant agree with the 
Futaki invariant of the central fibre. By our assumption, the Futaki invariant 
of the central fibre vanishes. Thus, 

lim — — = 0. 

t^oo at 

Therefore, the K-energy will have a lower bound along the geodesic ray if we 
could prove the right hand side decays exponentially fast. Now the geodesic 

ray corresponds to a foliation by holomorphic discs in QJl the total space of 

the underlying simple test configuration. This foliation defines diffeomorphisms 
f, : Ml Ms{s e [0, 1]), which satisfy = toi. Then, J(s) = /;(J|a/J is a 
smooth family of complex structures compatible with loi. Not surprisingly, this 
should coincide with the previous family Jt up to a scaling of time parameter, 

i.e. Jt = Je-t- So Jt — — e^*Je-t, and |Jp < Ce^^* for some constant C > 0, 
which in turn proves the proposition. 

Note that the derivative of Calabi energy alone geodesic ray as 

< ^lM\DH\'^;(t)sJlM mmw^^it) 

< Ce-* 

for some uniform constant C. This suggests that the limit of the Calabi energy 
exists along any smooth geodesic ray associated to the simple test configuration. 
Set 

A = lim Ca{ujMt))- 
Then, the difference \Ca{LLjfj,(t)) — A\ will converges to exponentially fast. 

Smooth geodesic rays are constructed [1 from nearby fibers. From the way 
of construction, it is hard to control where the limit of these geodesic ray is. 
A new observation in 37J is that: S. Sun can specify which limit metric in the 
central fibre a priori; then he showed that there always exists a smooth geodesic 
rayEl whose limit is this preferred metric in the central fibre. If the central fibre 
has cscK metric, it is convenient for us to choose a geodesic ray whose limit is 
this cscK metric. For such a ray, we know that the limit of the Calabi energy 
must be 0. It follows that the Calabi energy decays exponentially. □ 

4 Proof of Theorem 1.5 
4.1 Notations and set up 

This subsection is a technical preparation of next subsection. 



^He might have to chose a fibre much closer to the central fibre than what described in [l]. 
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For any two Kahler potentials (/)o, € T^, we want to use the almost smooth 
solution to approximate the C^'^ geodesic between 0o and . Let us setup some 
notations first. Let Y.'^°°^ = (—00, 00) x [0, 1] C denote the infinitely long 
strip. For any integer let S'^'-' be a long "oval shape" disc such that S^'^ is 
the union of [—1, 1] x [0, 1] with a half circle centered at (— Z, i) with radius ^ 
at the left, and a half circle centered at ^) with radius \ at the right. Note 
that we want to smooth out the corner at the four corner points {±/} x {0, 1} 
so that S*^'^ is a smooth domairtf]. By construction, {S'''} is a sequence of long 
ovals in this infinite strip where S*^"-' is a disc of radius ^ centered at (0, i). 

Let "0 be a convex family of Kahler potentials in given by 

^{s,t,-)=4>{s,t,-) V(s,t)es(-). (4.1) 

Here 4>{s, t, ■) can be any convex path connecting 00, 0i. For instance, we may 
set 

0(s, t, •)-(!- 000 + t(t)i - Kt{l - t) 

where if is a large enough constant. Here K must depend on 0Oj0i to en- 
sure this family of potentials is convex. In this subsection, we assume that our 
boundary map ■0 is independent of s variable. 

Consider Dirichlet problem for the HCMA equation 12.51 on the long oval 
shape domain S*^') with boundary value 

4> laE(')xM= "0 lasOxM ■ 

As in [9], we want to solve this via approximation method. For any e > 0, 
consider the Drichelet problem: 

(7r*t^ + 990)"+! = e • (7r*cj + V (s, i, •) e S^'^ x Af (4.2) 

with fixed boundary data 

lasw xAf= "0 lasOxM ■ (4-3) 

Denote the solution to this Dirichlet problem as (/)(''^) for any I > 1 and e € 
(0, 1). For each fixed Z, one can prove as in [9] that solutions i/)^'''^^ to eq.(4.2) 
(4.3) have C^'^ upper bounds independent of e. 

Theorem 4.1. \10f For every I fixed, there is a C^'^ solution (f)^^^ to the equation 
(4-2)(4-3) with e = 0. More importantly, this upper bound on \ddcj)^^''^'^\ is 
independent of I > I and e G (0, 1]. 

^The author wish to stress that we do this "smoothing" once for all: Namely, we smooth 
first. For any I > 1, we may construct SW(i > f) by replacing the central line segment 
{0} X [0, 1] in E(l) by a cylinder [-1 + f , / - 1] X [0, f]. 
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Theorem 4.2. JlOf There exists a sequence of almost smooth solutions I G 

N, e G (0, 1)} such that the upper bound of | is uniform and independent 

of I > I and e G (0,1]. More importantly, when (?,e) — > (oo,0), this sequence 
of almost smooth solutions converges to the unique C^'^ geodesic connecting the 
two end "points" (ipQ,Lpi). 

Both theorems are crucial in the proof of Theorem 1.5 below. However, we 
will omit proof here. In Section 6, we will give proof to some more general 
theorems in Section 5. 

4.2 Proof of Theorem 1.5 

The proof of Theorem 1.5 largely follows from the proof of Lemma 3.1. However, 
we have not proved that the space of Kahler potential is C°° connected by 
geodesic segments yet. Thus, the proof of Theorem 1.5 is more complicated 
since we need to overcome the lack of sufficient regularity. 

Proof. Suppose p : [0, cxd) cx3 is a geodesic ray parametrized by arc length s 
such that 

lim (dE,^)^(,) <0 

s-»oo OS 

with 

= v.e[0,(X3). 

For any Kahler potential ifQ G 7i, consider the unique C^'^ geodesic segment 
connecting (^cq to p{l). Suppose the length of this geodesic segment is t{1)(\/1 > 
0). We denote this geodesic segment as : [0,r(Z)] H. For any I large 
enough, we have 

(dE, ^ \t=T{i})p{i^ ^ 

< Um {R{P(1))-R?-;Y ■ (/m (If 1-^ \t=rii)Y^;^,^f + (dE, If |..0p(O 

< CaM^ ■ (2 - 2(|f I..,, + (rfE, If |.=0p(0- 

With / large enough, we can essentially treat t{1) — I. According to Calabi- 
Chen[8], the infinite dimensional space 7i is a non-positively curved manifold 
in the sense of Alexandrov. Thus, the small angle at p{l) on this long, thin 
geodesic hinge approaches as Z — > oo. Moreover, it is smaller than the small 
angle of the corresponding long, thin hinge in Euclidean plane. Thus, we have 

< • (l - \s=i, ^,_(^))p(o) < 100 d{^o,p{o)r. 

Here d{(p, -0) denote the geodesic distance between two Kahler potentials (p,ip G 
Ti.. Thus, we have 

rdF^*'l ^ 10VCaKffl)-d(y.o,p(0)) dp 

^ ' ~dr \t=^W>p(^) - 1 + (^^' U=')p(0- (4-4) 
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Now, we need to compare the K energy at (po with p{l). For convenience, let us 
parametrize the geodesic segment between these two potentials in [0, 1]. Then, 
the length of ^ is r(/). 

Following [lOj, we set k : (—00, 00) — > R be a smooth non-negative function 
such that K= 1 on [—5,5] and vanishes outside of [— |, |]- Set 

1 s f°° 
k'-'Vs) = — k(-), where w = / K(s)ds. 
V I J-00 

For any m < Z, set 

/CO 
E«(s,t) ds, Vm<ZeN 
-00 

and 

£;«(s,t) = E(a;^a,.,), V (s,i)eE«. 
For simplicity of presentation, wc omit e from our notations. Then, 

E("')(0) = E{ipo), E("')(1) = E(p(0). 

Set 

f^^'Ht) ^ —7—{t), Vie [0,1]. 
at 

Following the same calculation in [TO', for any < ii < ^2 < 1 



lit Jtl J-00 

> -T ^- 1 r??i- EW(.,t)d.i di 

> -T -dt=-^. (4.5) 



m 2m 
Set t2 = 1 and ti = t e [0, 1]. We have 



19 



Therefore, 

E(p(Z)) - E((po) = E('"')(1)-E(™')(0) 



< 



f (/<".'.(i)+^ 

^W(,)(dE, -gji |,„,„)„„ . t(I) + ^ 



c 

2rri 



= 10 VCaK(;)) • d(^o, P(0)) ^ + (dE, f ■ Til) , 

Since the geodesic ray is destabihzing, so we know that 



Thus, we have 



E(p(0) - E((po) < 10 y^^Kw) • '^('/'o, P(0)) 
As before, let Z — > oo, we have 



r(0 C 
/ 2m 



E{p{l)) - E{^o) < ^ 

Let m — > oo, then we have 

E{ipo) > hm > 0. 

l—^oo 

Thus the K energy is bounded from below in the entire Kahler class since ipo is 
an arbitrary chosen Kahler potentials. 

□ 



5 Proof of Theorem 1.1 
5.1 Setup and main results 

Let us setup some notation first. The setup is a slight modification of the setup 
in Section 4.1. 

Let 'E^°°'"^') = (—00,00) X [0,to] C denote a sequence of infinitely long 
strips. Fix m € N, for any integer /, let S*^''™) be a long "oval shape" disc such 
that S^''™) is the union of x [0,m] with a half circle centered at {—I, ^) 

with radius ^ at the left, and a half circle centered at {I, ^) with radius ^ at 
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the right. Note that we want to smooth out the corner at the four corner points 
{±1} X {0, m} so that S^''*"^ is a smooth domaiil^. By construction, {S^''™)} 
is a sequence of long ovals in this infinite strip S^""'™) where is a disc 

of radius ^ centered at {0,^)- 

Given (po and a degenerating geodesic ray p : [0,cx)) H. By assumption, 
this geodesic ray is tamed by a bounded ambient metric 

h = TT2UJ + \J —\ ddp 

in [0, oo) X 5^ X M. Let (f> be any convex path connecting Lp^ and p(0). Putting 
this segment together with the initial ray p([0, oo)), adjusting it by first smooth- 
ing out the corner and then adding a function of r only, we can obtain a 
one parameter convex family of Kahler potentials. We denote this family as 
(j) : [0, oo) Ti.. Then, (p is essentially same as the initial geodesic ray p. By 
abusing notations, we may set 

<t>^ p. 

Note that the K energy of LUpi^^ .^{T e [0, oo)) is uniformly bounded from above 
and below. This is an important fact which will be used crucially later. 

As in |10| , we want to solve the disc version geodesic problem via approx- 
imation method. For any e > 0, consider the Drichelet problem: 

(TT^tJ -f 950)"+^ = e • (TT^tj -t- 5ap)"+\ V (s,t,-) € X (5.1) 

with fixed boundary data 

<P las('.'")xM= P las('.'»)xM • (5-2) 

Denote the solution to this Dirichlet problem as (/iC'™'*^) for any Z,to 3> 1 and 
e e (0, 1). Following [TB], set 

ci^''") = lim 

£->0 

where is a sequence of almost smooth solution in S^''™^. Set 

= lim (/.('■™) 

/ — >oc 

is a C^'^ geodesic segment between (po and p{m). Set 

(f> = lim : [0, oo) -> n. 

m — ^oo 

'^The author wish to stress that we do this "smoothing" once for aU: Namely, we smooth 
SCl."!) first. For any I > 1, we may construct S'''™'(( > 1) by replacing the central line 
segment {0} X [0, m] in St^'™) by a cylinder [— / + 1,1 — 1] X [0, rn]. 
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Then, </> is a geodesic ray initiating from ipQ but parallel to p. Thus, 

sup max (U'-'"'^ -c/jWc" + \\p- pWc" + \\4>~ pWc") <C. (5.3) 

For each fixed l,m, one can prove as in [9] that the almost smooth solutions 
cq.dni]) (5.3) have a uniform C^-^ upper bounds (independent of e). 
The main technical theorem in this section is to show 

Theorem 5.1. For any geodesic ray which is tamed by a bounded ambient 
geometry, for every (I, m, e) £ (1, oo) x (1, oo) x (0, 1), there exists a sequence of 
almost smooth solution 0^'''"'"^^ (i, s, •) 

(7r^w + v^5a(/)(''™''=))"+i = e(7rjcj + x/^a9p)"+i 

such that every m fixed, let {l,e) — > (oo,0), the sequence of Kdhler potential 
approximate to a C^'^ geodesic segment When m oo, this family of 

geodesic segments converges to the relative C^'^ geodesic ray (f> initiated from (po 
in the direction of the initial geodesic ray. More importantly, 

\dd (0(''™.')(i,s,...)-p) \h<c 

where C, are independent ofl,m> 1 and e G (0, 1]. 

We delay the proof of this theorem. As an application, we prove 

Theorem 5.2. If ipo is a cscK metric, then {(j)^'-'"^''^^ converges to a relative 
geodesic ray 4> initiated from (pQ such that every Kdhler metric uj^f, in this ray 

is a C^'^ K-energy minimizer. Moreover, the convergence of to ^ is 

strong in L^(M, w) norm. 

Theorem 5.3. Any relative C^'^ geodesic ray consists of K-energy minimizers 
only must be also smooth if this geodesic ray is a limit of a sequence of almost 
smooth solutions to the disc version of geodesic equation. 

Proof of Theorem 5.1 and 5.2 will be delayed to later subsections. The proof 
of Theorem 5.3 is very similar to the corresponding results in [16j (after Theorem 
5.2) is proved). We will omit its proof here. Now we give a proof of Theorem 
1.1. 

Proof. Let tpo be a cscK metric and p : [0, oo) -^Tihe a degenerating geodesic 
ray tamed by a bounded ambient geometry. Let (^('■™''^) be a family of almost 
smooth solutions in S^''™^ with appropriate boundary data. Then, 

(j) = lim lim lim ^C'"'*^) 

is a relative C^'^ geodesic ray initiating from <po but parallel to the initial 
geodesic ray p. According to Theorem 5.2, we know that for any t £ [0, oo), we 
have 

E(cj0(t..)) = inf E(tj^) 
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is a K-energy minimizer. Since cf){t, •) is the C^'^ limit of a sequence of almost 
smooth solutions, Theorem 5.3 implies that W0(t,-) is smooth Kahler form for any 
t £ [0, CJo). Thus, ujij) has constant scalar curvature. It follows that : [0, oo) — ^ 
H is a smooth geodesic ray consisting of cscK metrics only. In particular, this 
means that the E(w0(-j .)) is a constant function on t. By a direct calculation. 



we have 



Then, 



av(i.o)M^ii = o. 

dt 

It follows that V^^'"^ ^"^g*''-* is a holomorphic vector field. Therefore, : [0, oo) — ^ 
7i represents a holomorphic line in Ti.. The initial geodesic ray p : [0,oo) — > Ti. 
is parallel to this holomorphic line by definition of 0. Our theorem is then 
proved. □ 



5.2 Proof of Theorem 5.2 

We need to prove a few Lemmas first. We follow notations from previous sub- 
section. 

Lemma 5.4. Let p : [0,cxd) — > Ti 6e a degenerated geodesic ray tamed by a 
bounded ambient geometry. If the infimum of the Calabi energy along this ray 
IS then E(0^''™''^)) are uniformly bounded among this sequence of almost 
smooth solutions in any domain E^'™). 

Proof. Since the K-energy functional is sub-harmonic over solution to disc ver- 
sion of geodesic equation, we have 

— — - > 0. 

dzdz 

At the boundary, we know 

E(^('-'"'^)(s,i,.))-E(p(<,.) U,,.^>)<C. 

By the maximal principle, we know that E((/)'^'''"'"^^) is uniformly bounded from 
above. Here the upper bound is independent of l,m,e. 

If we assume that there exists a cscK metric, then the K-energy functional in 
[u] has a uniform lower bound. Alternatively, if we assume that p : [0, cxi) — > is 
a degenerating geodesic ray where the Calabi energy approaches to in this ray. 
Theorem 1.5 also implies that the K-energy is bounded from below in (M, [oj]). 
In either case, we can apply these a priori estimate to prove that the K-energy 
functional E((/)''''"''^)) is uniformly bounded from below in (M, [uj]). Our lemma 
is then proved. 

□ 

* alternatively, we may assume that there exists a cscK metric and a geodesic ray with 
bounded K-energy . 
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Lemma 5.5. If there exists a cscK metric and a degenerating geodesic ray where 
the Calabi energy converges to in this ray, then the first derivative of the K- 
energy functional along the two "long side " is very small. More specifically, we 
have 



dt 



0, 



and for any s G (— 4^, we have 



< \t=m< C ■ ^ca(ujp^^)) 

for some fixed positive constant C. 

Proof. Let p : [0, oo) H he a degenerating geodesic ray where the infimum of 
the Calabi energy in this ray is 0. Without loss of generalities, set pm = 
such that liminf Ca(pm) = and 

m — >QO 

, |r=m= —iRi^p,„) — -J- \T=m)p^ < 0. 

ar OT 

Set 

" " Si ~ dt 

Set 

^ — o r— m ■ 
OT 

Following Lemma 4.10 in [10], we have 

-(i?(</)(™)) - R, < -iRicj)^'^^) - i?,«(™))p„. 

Following the fact this is a degenerating geodesic ray, we have 

-(i?(p„0 - R, w^"'^)p^ < and / (i?(p„0 - Rf uj^^ ^ 0. 

If ipo is cscK metric, we have 

-{Ri^^'^Ho)) - R,u^"'\, = -(Ri^o) - rM'^K, = 0. 

Thus, 

< CVca(a;pM)-^%^ 
for some positive constant C > 0. 

Since (^C'™'^) converges to (/)'-™' uniformly in C^^" norm as Z ^ oo and e ^ 0. 
Our lemma follows from the last inequality above. □ 



24 



Lemma 5.6. As I, m are sufficiently large we may control the measure of 
A^.tEL'''"'^) in S(''™) as 

/ A,,t E^(</.(''™'^)(s,i,-)) dsdt < d{<fio,Po) ■ - ■ \/Ca{LJpJ + C-^ 

for some uniform constant C. 

When there is no confusion, we wiU drop the superscript I, e. Set 

Here we have suppressed the dependency on e. 

Proof. Let ^ : (—00,00) ^Rbea smooth non- negative cut-off function such 
that ^ = 1 on [— 5, 5] and vanishes outside [— |, |]. 

iZ, |A.,,E('.™)(s,t)|dsdt 

< SZ, jL-ki7)^s,tE(^-'-Hs,t)dsdt 

= iL-i^^\^ m)ds-\jz,ji_,m'-^^dsdt 

< I ■ v /caK(^)) • + ^ jz_, wm ■ iE(''™)(5,f)i ds dt 

< I ■ VCaK(„)) • + ^ JZo iL-i Cdsdt 



l.^Ca{u:,(^))-'-^ + C 



An immediate Corollary is: 
Corollary 5.7. Let I = — — ^ and m — > 00, then 

(ca(wp„))4 

/ , A,,tE„(<^('''"'^)(s,i,-))cisdi^O. 



□ 



Set 



Then, 



A = inf E(^). 



Lemma 5.8. For any point (s, t) in a fixed compact domain Q in S^''™\ except 
perhaps a set of measure 0, we have 

lim E('''")(s,t) = lim E{(t>^^\s,t)) = A. 
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Proof. Set = A,,t E('''")(s,t) > 0. In c S(;,„), we have 

lim / = 0. 



Next, we decompose E*^''™-* into two parts: 



such that 



A,,tu('''") = 0, where uC'") |aS(, ^j=E£''™\ 

A^,t = /C.™) > 0, where w^''™) [^e , = 0. 

It is clear that w^''™) < 0. Since e£''™'' is uniformly bounded, then -uC'"*) is a 
uniformly bounded harmonic function in s's''") such that 

«('>-)(s,0) = A, Vsei-^]. 

Taking limit as l,m oo, then } will converge locally smoothly to a 

bounded harmonic function in half plan such that it is constant A along the 
line t — 0. Then, such a function must be constant globally. In other words, 
in any compact sub-domain O C S^''"*) fixed, we have lim u^'"™) = A. 

Consequently, 

A < lim sup E(''™) 

l.7n—*oo 

= limsup (u(''™) 

Lm—^oo 

< lim m(''™)=A 

l,'m — ^oo 

Therefore, for every point in O (fixed), we have 

lim E^''™) = lim sup E^'™) = A. 



□ 



The leading term of the K-energy functional is 

n n 
log — • — • LO . 



M 



The rest part of the K energy functional converges strongly under weakly C^'^ 
topology. If we set 
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Then, the convergence of K energy with uniform C^'^ bound on Kahler potential 
imphes that 

J M ^ ^ 

converges to the corresponding limit. The third part of Theorem 5.2 (strong 
convergence of volume form ration in L?(M^lS) space) then follows from 

Lemma 5.9. Suppose that {/m,,TO G N} zs a sequence of positive, uniformly 
bounded functions such that fm weakly converge to g in LP for some p large 
enough. Then, {fm} converges strongly to g in L^{M) if 



lim / /mlog/m= / 5 logff- 



'M JM 

Proof. Without loss of generality, may assume 

/ fm = I 9=1. 

JM JM 

By our assumption, we have 

/ filogfiuj^- [ glogg = o{h {5.4 

JM JM ' 

Define F{u) = ulogu. For any I large enough and for any e > 0, set 
F{t) = F{tfi + {l-t){g + e)) = F{at + b), 

where 

a = fi- g- ^, and b = g + e. 
Note that a, b are both functions in M. Clearly, we have 

|a| + \b\ < C. 



Note that 
and 

Thus, 



F'{t) =alog{at + b) + a, 



/m^'(OV" = /m (a log 6 + a).." 

= !mUi-9- e) log(5 + e)a;- + J^{fi-g- e)a;» 
= lMifl-9- e) log(fir + e)a;" - e 

Taking the following double limits 

lim lim / F'(0)w" = lim lim ( / {fi-g-e) \og{g + e) w" - 

e^O l^oo Jm '^oo \Jm 

lim e = 0. 
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It follows, 

F(1)-F(0) = Fif,)-F{g + e) 

= J,'F'it)dt^F'{0)+J^J^F"{s)dsdt 

> ^'(0)+/o7o ^dsdt^F'{0) + ^. 
Integrating this over M, we have, 

< 2C/,, (F(l) - FiO))u- - 2C/,,F'(0)c^" 

= 2C (/ fi log - (5 + e) log(g + e)^") - 2C i^' (O)w' 

< o(e+I)-C/^,i^'(OK. 

Consequently, we have 

21im / {fi-g)^uj" < lim lim o(7+e) + C lim lim / i^'(O) 
= 0. 

Therefore, fm converges strongly to g in L'^{M,oj). □ 
5.3 Proof of Theorem 5.1 

The proof of Theorem 5.1 is very similar to Theorem 3.9 in ^U\. As in [9], 
the proof of the existence of C^'^ geodesic segment also prove the existence of 
C^'^ solution for disc version geodesic solution as well. However, Theorem 5.1 
in this paper and theorem 3.9 in [lOj is more like is a non-compact analogue 
statement of problems addressed in [9] . We want to discuss more carefully here. 
Nonetheless, the key estimate should be similar conceptually, especially when 
m > 1. 

As in [9], let (jP^''^\t, ■) denote the e-approximated invariant solution for 
geodesic equation between ip^ and pm- Since 0^™'^) is independent of s, we can 
view it as a solution in x M. In other words, we have 

(tt^cj + 990)"+! = e • (tt* w + ddpT+^ , V (t, •) e S^""'") x M (5.5) 

with Dirichlet boundary data 

Here we abuse notations by letting 

Let (/i^™^ denote the C^'^ geodesic between ipo,Pm- By Maximum Principle, we 
know that cjp^''^^ monotonically increases as e decreases to 0. In particular, we 
have 

p(s,i,.)<0("'')(s,i,-)<0^"^(i,-), V(s,i)eE(°°'™). (5.6) 
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In particular, there is an error term o(e) such that hm o(e) = in any C^'" 
norm and 

0('"^^)(s,i,.)='/'^™Hi)+o(e). (5.7) 
For any / e N, choose Si such that 

hm (/ — 6i) — oo. 

Lemma 5.10. The sequence of almost smooth solution {(/i^'''"''^)} converges uni- 
formly continuous to (j) in Ti^^' '"'^ x M when l,m ^ oo and e ^ 0. In particular, 
the same convergence result holds for {i/)^'''"^} in any su b-domain S^*''™' x M. 

To prove this Lemma, we need to introduce a sequence of harmonic functions 
j^iLm) g^^Yi that its boundary value of /i^'^") in is 

\s\<l~l, 
h^^-'^Xs.t) ^ { K \s\>l, 

e [0,K] otherwise 

where K is some large enough positive constant: 

K > 2 sup max |<?!)(™) -p\ + l. 

mm [0,m]xAf 

The following Lemma is critical 
Lemma 5.11. In St-^'^™) x M, we have 

lim max /i^''™' = 0. 

The proof, which we omit, is elementary. Now we are ready to prove Lemma 
5.10. 



Proof. Note that for any 1 > e > and I fixed, we have 



with boundary data 

lasc.™) xA/ 

By the maximum principle for Monge- Ampere type equation, we have 

< V (s, t, •) e X M. 

Combining this with inequality (15. 6p . we have 
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It is easy to see that for any (Z, m, e) we have 

p(s,t,-) < V e E^''") X M. 

Note that is a harmonic function on E*^''™) which can be viewed as a 

pluri-harmonic function in S*^''™) x M. Thus, 

TT*uj + - /i^'^")) = 7r*cj + V (s, •) € S^''") x M. 

Thus, we have 

with boundary data 

The last inequahty holds because p = when t — 0,m,. In ^E^'^™) with 

t ^ 0, TO, we have 

/j(/,m) = X > ^C"-) _ p > ^(ra,^) _ p. 

By the maximum principle for Monge- Ampere equation, we have 
In particular, we have 

+ o(e) - < < (5.8) 

Thus, the sequence of Kahler potentials 0^''*^^ converges to 

in the norm. □ 

In fact, more is true. 

Lemma 5.12. For any a € (0,1), the sequence of Kdhler potential 
converges to cf) in any sub-domain S^"^'^™' x M in the C^'" norm. 

This is just a corollary of Theorem 5.2 and Lemma 5.11. We are now ready 
to prove Theorem 5.2. 

To obtain uniform C^'^ bound of {(/j^''™'"^)} independent of l,m oo and 
e — + 0, we need to choose some appropriate background Kahler metric first. Let 
h be the ambient Kahler metric which tame the initial geodesic ray p : [0, oo) 
Ti.. Then, the Dirichlet boundary value problem eq. 12.51 can be re-written as a 
Dirichlet problem on SC'™) X M such that 
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with boundary condition 

<t' las('.'")xM= P las('.™)xM • (5.10) 

Lemma 5.11 implies a uniform bound on the solution (/jC'™'^) — (^(™) 
where p is a sub-solution of To obtain a super-solution, we define a 

sequence of (essentially) harmonic functions -j/j^'^™) by solving 

A (^('■'") - p) + (n + 1) = 0, V (s, t, ■) e X M 

with boundary data 

Here A is the Laplacian operator of the Kahler metric h. Since /i is a smooth 
metric with uniform bound on curvature and injectivity radius in E^''™) x M and 
ip is a, smooth function with uniform bounds (independent of Z), the standard 
elliptic PDE theory (interior and boundary estimate for harmonic function) 
implies that there is a uniform bound on (up to two derivatives for 

instance). Note that 

with equality holding on SS*^''™) x M. Consequently, we have the following 

Lemma 5.13. The first derivatives o/ 1/)*^''™''^^ —p in 9S*^''™) x M are uniformly 
hounded (independent of I). 

We want to solve equation (|5.9p and (5.11) for any large m ^ 1. Following 
[S], we have 

Lemma 5.14. There exists a constant C which depend only on the ambient 
metric h ( but independent of l,m) and initial Kdhler potentials ipQ,p{0) such 
that either 

e-'^P'p\n + 1 + A(^('""'^' -P))<C 

or 

e-(p-p)(„ + i + A((/)(''™^')-p)) < C- max e^^""'') (n-f 1 + A(0('''"'') - p)). 

Here we assume p — p is positive since it is uniformly bounded anyway. 

Using the same boundary estimate as in [9], we can obtain a relative C^'^ 
estimate. Theorem 5.2 is then proved. 

Theorem 5.15. There exists a uniform constant C such that 
(n + l) + A;,((/.(''™^^)-p) <C. 
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6 Future Problems 



Theorem 1.7 is particularly interesting in the fano setting since we already know 
that the existence of KE metric is equivalent to the properness of the K-energy 
functional. This naturally leads to an old conjecture of G. Tian where Tian 
conjectured that the K energy functional is proper if and only if there exists 
a cscK metric in [uj]. To better understand Kahler geometry from the point 
of view of this infinite dimensional space geometry, one may ask the following 
conjecture/question. 

Conjecture/Question 6.1. The existence of cscK metrics implies that the 
K-energy functional is proper in the sense that it bounds the geodesic distance. 

Note that this version of properness is different from the one in Tian's original 
conjecture. Tian's conjecture is perhaps more elusive. There is a partial result 
in this direction which is a corollary of Theorem 1.1. 

Corollary 6.2. Let tpo be a cscK metric and let (j) be any Kdhler potential such 
that LO^ is uniformly elliptic. If the geodesic distance of 4> to any holomorphic 
line passing thorough tpo is greater than a fix constant S > 0, then the K energy 
of 4> is hounded from below by a constant C which depends only on 5 and elliptic 
constant of oj^. 

In proof of Theorem 1.1 and Corollary 6.2, we need to prove partially an old 
conjecture of this author. 

Conjecture/Question 6.3. A global C^'^ K-energy minimizer in any Kdhler 
class must be smooth. 

This conjecture is proved in the Canonical Kahler class via weak Kahler 
Ricci flow. 

Another intriguing corollary of Theorem 1.1 is the following 

Corollary 6.4. cscK metrics implies geodesic stable. // there is a cscK 
metric in the Kdhler class, then ¥ invariant of every geodesic ray must be strictly 
positive unless it is parallel to a holomorphic line initiated from a cscK metric. 

Recently, J. Stoppa 38J proves a beautiful theorem in algebraic setting which 
fits into this discussion very well. Assuming there is no holomorphic vector 
fields, he proves that the existence of a cscK metric implies that the underlying 
polarization is K-stable. This is very reminiscent to a famous work of G. Tian 
^40 where Tian proved that the existence of KE metric implies its polarization is 
K-stable with respect to special degenerations. We also would like to note that 
T. Mabuchi announced that he can remove this assumption on automorphism 
group, again in algebraic case. We will omit proofs to both corollaries since they 
basically follow directly from the proof of Theorem 1.1. 

Conjecture/Question 6.5. For any destabilized test configuration such that 
the Calabi energy of nearby fibre approaches 0, if the total space is smooth or 
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if the central fibre only admit only mild singularities, and if the K- energy of 
Kdhler metrics of nearby fibres are uniformly bounded from below, then the 
corresponding polarization of nearby fibres has uniform lower bound on K energy 
and furthermore it is Semi-K-stable (whenever applicable). 

The first important case to test is to show that Theorem 1.7 holds when: 
a) the Riem. curvature of the total space has a uniform lower bound ; b) the 
K-energy over the family of fibre metrics has a uniform lower bound; c) the Cal- 
abi energy over the family of fibre metrics approaches to 0. In fact, the author 
strongly suspects that semi-geodesic stability (perhaps also semi-K stability) 
will imply the existence of a uniform lower bound of the K-energy functional. 

While we are in this topic, the following question is very interesting. 

Conjecture/Question 6.6. In any Kdhler manifold, if the Kdhler Ricci flow 
(when applicable) or the C'alabi flow initiated from one metric, converges to 
a cscK metric (by sequence geometrically) , then the K-energy functional must 
have a lower bound in the original Kdhler class. 

Coming back to the variational nature of finding cscK metrics, the following 
question is interesting. 

Conjecture/Question 6.7. For any critical sequence of Kdhler metrics, can 
we replace with another critical sequence where the curvature is uniformly 
bounded away from a measure set? is this singular set has codimension ^? 
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